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Abstract. The t-class semigroup of an integral domain R, denoted St{R), is 
the semigroup of fractional t-ideals modulo its subsemigroup of nonzero prin- 
cipal ideals with the operation induced by ideal (-multiplication. We recently 
proved that if R is a Krull-type domain (in the sense of Griffin), then St(R) is 
a Clifford semigroup. This paper aims to describe the idempotents of St(R) 
and the structure of their associated groups. We extend and recover well- 
known results on class semigroups of valuation domains and Priifer domains 
of finite character. 



1. Introduction 

The i-operation in integral domains is considered as one of the keystones of 
multiplicative ideal theory. It originated in Jaffard's 1960 book "Les Systemes 
d'Ideaux" [33] and was investigated by many authors in the 1980's. From the 
i-operation stemmed the notion of class group of an arbitrary domain, extending 
both notions of divisor class group (in Krull domains) and Picard group (in Priifer 
domains). Class groups were first introduced and developed by Bouvier [9] and 
Bouvier & Zafrullah |10) . and have been, since then, extensively studied in the 
literature. In the 1990's, the attention of some authors moved from the class 
group to the class semigroup, first considering orders in number fields [29] and 
valuation domains [8] , and then more general contexts [U [6j [3 [23] . The basic 
idea is to look at those domains that have Clifford class semigroup. 

Let R be an integral domain with quotient field K. For a nonzero fractional 
ideal / of R, let I^ 1 := (R : I) = {x £ K | xl C R). The v- and i-closures of I are 
defined, respectively, by I v := (7 _1 )~ 1 and I t := UJ V where J ranges over the set 
of finitely generated subideals of /. The ideal / is said to be a w-ideal if = /, and 
a i-ideal if It = I. Under the ideal ^-multiplication (/, J) i— > (U)t, the set F t (R) 
of fractional t -ideals of R is a semigroup with unit R. An invertible element for 
this operation is called a t-invertible i-ideal of R. So the set Invt(R) of t- invertible 
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fractional i-ideals of R is a group with unit R (Cf. [2]). Let F(R), Inv(R), and 
P(R) denote the sets of nonzero, invertible, and nonzero principal fractional ideals 
of R, respectively. Under this notation, the Picard group [JJ [3J [J5] , class group 
[9l [10] , f-class semigroup [24] , and class semigroup [23j [29] of R are defined as 
follows: 

Pic(i?) := -p(i?r g C1(i?) := -p^r - t( } := p(Ri - { ) := 

A commutative semigroup 5 is said to be Clifford if every element x of S is (von 
Neumann) regular, i.e., there exists a £ S such that x 2 a = x. The importance of a 
Clifford semigroup S resides in its ability to stand as a disjoint union of subgroups 
G e , where e ranges over the set of idempotents of S, and G e is the largest subgroup 
of S with identity equal to e; namely, G e = {ae \ abe = e for some b 6 5} (Cf. 
[20]). Often, the G e 's are called the constituent groups of S. 

A domain R is called a PVMD (Priife u-multiplication domain) if Rm is a 
valuation domain for each i-maximal ideal M of i?. Ideal i-multiplication converts 
ring notions such as PID, Dedckind, Bezout, and Prufer, respectively to UFD, 
Krull, CCD, and PVMD. Recall at this point that the PVMDs of finite i-character 
(i.e., each proper i-ideal is contained in only finitely many ^-maximal ideals) are 
exactly the Krull- type domains introduced by Griffin in 1967-68 [IS] IT?]. 

Divisibility properties of R are often reflected in semigroup-theoretic properties 
of S(R) and St(R). Obviously, Dedekind (resp., Krull) domains have Clifford class 
(resp., i-class) semigroup. In 1994, Zanardo and Zannier proved that all orders 
in quadratic fields have Clifford class semigroup [29]. They also showed that the 
ring of all entire functions in the complex plane (which is Bezout) fails to have 
this property. In 1996, Bazzoni and Salce proved that any arbitrary valuation 
domain has Clifford semigroup [8] . In [H (5J [6] , Bazzoni examined the case of 
Priifcr domains of finite character, showing that these, too, have Clifford class 
semigroup. In 2001, she completely resolved the problem for the class of integrally 
closed domains by stating that "an integrally closed domain has Clifford class 
semigroup if and only if it is a Prufer domain of finite character''' [?J Theorem 
4.5]. Recently, we extended this result to the class of PVMDs of finite character; 
namely, "a PVMD has Clifford t-class semigroup if and only if it is a Krull-type 
domain" [H Theorem 3.2]. 

This paper extends Bazzoni and Salce's study of groups in the class semigroup 
of a valuation domain [8] or a Prufer domain of finite character [6] to a larger 
class of integral domains. Precisely, we describe the idempotents of St(R) and 
the structure of their associated groups when R is a Krull-type domain. Indeed, 
we prove that there are two types of idempotents in St(R). those represented by 
certain fractional overrings of R and those represented by finite intersections of 
^-maximal ideals of certain fractional overrings of R. Further, we show that the 
group associated with an idempotent of the first type equals the class group of the 
fractional overring, and characterize the elements of the group associated with an 
idempotent of the second type in terms of their localizations at t-prime ideals. Our 
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findings recover Bazzoni's results on the constituents groups of the class semigroup 
of a Priifer domain of finite character. 

All rings considered in this paper are integral domains. For the convenience of 
the reader, Figure [1] displays a diagram of implications summarizing the relations 
between the main classes of integral domains involved in this work. It also places 
the Clifford property in a ring-theoretic perspective. 



PID 



Dedekind 



Krull 




Bezout 

of Finite Character 



CCD 

of Finite Character 



Krull-typ 
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R Integrally Closed 
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FIGURE 1. A ring-theoretic perspective for Clifford property 



2. Main Result 

An overring T of a domain R is t-linked over R if I~ l = R =>• (T : IT) = T, 
for each finitely generated ideal I of R [2 [27] ■ In Priifer domains, the t-linked 
property collapses merely to the notion of overring (since every finitely generated 
proper ideal is invertible and then different from R). This concept plays however 
a crucial role in any attempt to extend classical results on Priifer domains to 
PVMDs (via i-closure) . Recall also that an overring T of R is fractional if T is a 
fractional ideal of R; in this case, any (fractional) ideal of T is a fractional ideal of 
R. Of significant importance too for the study of i-class semigroups is the notion 
of t-idempotence; namely, a f-ideal / of a domain R is i-idempotent if (I 2 )t = I- 

The following discussion, connected with the i-ideal structure of a PVMD, will 
be of use in the sequel without explicit mention. Let R be a PVMD. Note that 
prime ideals of R contained in a i-maximal ideal are necessarily t-ideals and form a 
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chain [25]. Also, recall that f-linked overlings of R are exactly the subintersections 
of R; precisely, T is a i-linked overring of R if and only if T = f]Rp, where P 
ranges over some set of i-prime ideals of R [TTJ Further, for any t- ideal / 
of R, (I : I) is a sub-intersection of R and hence a fractional blinked overring of 
R. Indeed, let Max t (R,I) := {M e Max t (R) KM} and Max t (R,I) := {M € 
Max t (i?) | / Cj M}, where Max t (i?) denotes the set of i-maximal ideals of R. Then 
(/:/) = (p| Q ^A/„)n(n / 3 Rn ), where M a ranges over Max t (i?, I) and Np denotes 
the set of zerodivisors of Rm$ modulo IRm^ where Mp ranges over Max t (i?, I). 
Consequently, (/ : /) is a PVMD [25]. Finally, given Mi and Mi two i-maximal 
ideals of R, we will denote by Mi A M2 the largest prime ideal of R contained in 

Mi n m 2 . 

Throughout, we shall use / to denote the isomorphy class of an ideal I of R in 
S t (R), qi(R) to denote the quotient field of R. Recall that the class group of an 
integral domain R, denoted Cl(i?), is the group of fractional i-invertible t-ideals 
modulo its subgroup of nonzero principal fractional ideals. Also we shall use t>i 
and ti to denote the v- and t-operations with respect to an overring T of R. By 
[Ml Theorem 3.2], if R is a Krull-type domain, then St{R) is Clifford and hence a 
disjoint union of subgroups Gj, where J ranges over the set of idempotents of St(R) 
and G-j is the largest subgroup of S t (R) with unit J. Notice for convenience that 
in valuation and Priifcr domains the t- and trivial operations (and hence the i-class 
and class semigroups) coincide. At this point, it is worthwhile recalling Bazzoni- 
Salce result that valuation domains have Clifford class semigroup $]. Next we 
announce the main result of this paper. 

Theorem 2.1. Let R be a Krull-type domain and I a t-ideal of R. Set T := (I : I) 
and T(I) := {finite intersections of t-idempotent t-maximal ideals ofT}. Then: 
I is an idempotent of St(R) if and only if there exists a unique J £ {T} U r(/) 
such that 1 = 3. Moreover, 

(1) if J = T, then G- S C1(T); 

(2) if J — ni<i<r Qi ^ then the following sequence of natural group homo- 
morphisms is exact 

0^C1(T)^G T ^ J] Gq^^Q 

l<i<r 

where G q. Tq denotes the constituent group of the Clifford semigroup S^Tq^ as- 
sociated with QiTQ i . 

The proof of the theorem involves several preliminary lemmas, some of which 
are of independent interest. We often will be appealing to some of them without 
explicit mention. 



Lemma 2.2. [231 Lemma 2.1] Let I be a t-ideal of a domain R. Then 1 is regular 
m S t {R) if and only if I = (I 2 (I : I 2 )) t . □ 
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Lemma 2.3. Let R be a PVMD, T a t-linked overring of R, and Q a t-prime 
ideal ofT. Then P = QOR is a t-prime ideal of R with Rp = Tq. If in addition, 
Q is supposed to be t-idempotent in T, then so is P in R. 

Proof. Since R is a PVMD, by 27, Proposition 2.10], T is t-flat over R. Hence 
Rp = Tq. Moreover, since T is t-linked over R, then P t C R [13j Proposition 2.1]. 
Hence P is a t-prime ideal of R [25j Corollary 2.47]. Next assume that (Q 2 )ti = Q- 
Then P 2 R P = Q 2 T Q = {Q 2 ) tl T Q = QT Q = PR P by [24, Lemma 3.3]. Now, let 
M be an arbitrary i-maximal ideal of R. We claim that P 2 Rm = PRm- Indeed, 
without loss of generality we may assume P C M. So Rm C Rp and hence 
PRm C PRp. If PR M £ PR P and x £ PR P \PR M , necessarily PR M C xR M 
since Rm is a valuation domain. Hence, by [211 Theorem 3.8 and Corollary 3.6], 
x- 1 G {Rm : PRm) = {PRm ■ PRm) = {Rm)pr m = Rp, absurd. Therefore 
PR M = PRp- It follows that P 2 R M = P 2 Rp = PRp = PRm- By 25, Theorem 
2.9], {P 2 ) t = P, as desired. □ 

Lemma 2.4. Let R be a PVMD and T a t-linked overring of R. Let J be a 

common (fractional) ideal of R andT. Then the following assertions hold: 

(1) J tl =Jt- 

(2) J is a t-idempotent t-ideal of R if and only if J is a t-idempotent t-ideal ofT. 

Proof. (1) Let x e J tl . Then there exists a finitely generated ideal B := J2i<i< n a ^ 
of T such that B C J and x{T : B) C T. Clearly, A := J2i<i< n a * R is afinitely 
generated ideal of R with AT = B. Therefore (R : A) C {T : B) and hence 
xA(R : A) C xB{T : B) C B C J. Moreover A is i-invertible in R since R 
is a PVMD. It follows that xR = x(A(R : A)) t = {xA{R : A)) t C J t . Hence 
Jtj C J t . Conversely, let x E Jt. Then there exists a finitely generated subideal 
A of J such that x{R : A) C R. Let N € Max t (T) with M := N n R. So 
^(yirAr) -1 = x(^4i? M ) _1 = xA _1 i? M C R M = T N . Therefore x lies in the ti- 
de-sure of ATjv in the valuation domain Tjy. Further AT^ is principal (since it 
is finitely generated), hence a ti-ideal. So that x G AT/v C JT/y. Consequently, 
2 e flweMax^T) JT N = Ju, as desired. 
(2) Straightforward via (1). 

Lemma 2.5. Let R be a PVMD, I a t-ideal of R, and T := (I : I). Let J := 

Hi<i<r Qi> w h ere each Qi is a t-maximal ideal ofT. Then J is a fractional t- 
idempotent t-ideal of R. 

Proof. Clearly, J is a i-ideal of T and hence a fractional i-ideal of R by Lemma [2~4l 
with J = ([[ 1<i<r Qi)tt = (Ili< t <r Qi)t- Further, J 2 is a common ideal of R and 

T,sothat(j 2 r t = (J 2 ) tl = (nr<r<rQf)*i = oWrWfkk = (n^^^)^ = 

J, as desired. □ 

Lemma 2.6. Let R be a PVMD, I a t-idempotent t-ideal of R, and M a t-maximal 
ideal of R containing I. Then IRm is an idempotent (prime) ideal of Rm. 

Proof. Let x € IRm- Then x^x G I = {I 2 )t for some \i G R \ M . So there exists a 
finitely generated ideal B oi R such that B C I 2 and : B) C R. Therefore 
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x(Rm '■ BRm) = x{R : B)Rm = xfi{R : B)Rm Q Rai- Hence x lies in the 
zj-closure of BRm- Similar arguments as in the proof of Lemma |2~4T 2) yields that 
BRm is a u-ideal and hence x G BRm C I 2 Rm- Therefore IRm is an idempotent 
ideal which is necessarily prime since Rm is a valuation domain. □ 

Lemma 2.7. Let R be a Krull-type domain, L a t-ideal of R, and J an idempotent 
of S t (R). Then ~L G G-j if and only if (L : L) = (J : J) and (JL(L : L 2 )) t = 
(L(L:L 2 )) t = (L(J:L)) t = J. 

Proof. Suppose L G G-j. Then J = (LK) t for some fractional ideal A of R and 
xL = (LJ) t for some ^ x G qf(-R). Moreover, {{LJ) t J) t = (7(J 2 ) t ) t = (LJ) t = 
xL and also {{LJ) t J) t = x(LJ) t . So L = {LJ) t . We have (L : L) C (LA' : LA) C 
((LK)t : (LK) t ) = (J : J) and ( J : J) C (LJ : LJ) C ((LJ) t : (LJ) t ) = (L : L), 
so that (L : L) = (J : J). Further, (JL(L : L 2 )) f = (L(L : L 2 )) 4 = (L((J : J) : 
L)) t = {L(J : Ji)) t = (L(J : (JL) t ))t = {L(J : L)) t . Clearly, (L(J : L)) ( C J. 
Also LA C (LK) t = J. Then A C (J : L), hence J = (LA) 4 C (£(J : L)) t . 
Conversely, take A := J(L : L 2 ) and notice that J = {JL(L : L 2 )) t C (JL)t C J, 
that is, J = (JL)t, completing the proof of the lemma. □ 

Lemma 2.8. Let R be a PVMD and L a t-ideal of R. Then 

(1) I is a t-ideal of (7:7). 

(2) If R is Clifford t-regular, then so is (7:7). 

Proof. (1) (7 : 7) is a £- linked overring of R and then apply Lemma [2~4T lh 
(2) Let J be a t-ideal of T := (7 : 7). By Lemma POT l). J is a t-ideal of R. Next, 
assume that R is Clifford t-regular. By [Ml Lemma 3.3], (J 2 (J : J 2 )) tl T N = 
(J 2 (J : J 2 ))T N = (J 2 (J : J 2 ))i? M = (J 2 (J : J 2 ))iRm = JRm = JT N . Hence 
(J 2 (J : J 2 )) tl = J and therefore T is Clifford t-regular. □ 
Proof of Main Theorem. On account of Lemma [2~5l we need only prove the 
"only if assertion. 

Uniqueness: Suppose there exist J, F G {T} U T(7) such that J = F. Then 
there is + q e qf(i?) such that qJ = F = {F 2 ) t = {q 2 J 2 )t = q 2 {J 2 ) t = q 2 J . So 
J = qj = F. 

Existence: Let J := (7(T : 7)) tl = (7(T : 7)) t , a t-ideal of T and a fractional 
t-ideal of 7? (by Lemma [2.4)1 . Since (7 2 ) t = g7 for some / i; £ qf(R), then 
(7 : 7 2 ) = (7 : '(7 2 ) t ) - (7 : ql) = q~\l _ I) = q-^T. Hence J = (7(T : 7)) t = 
(7(7 : 7 2 )) t = (q- 1 I) t = q^I- Therefore J = I. Now R is Clifford t-regular, then 
7 = (7 2 (7 : 7 2 )) 4 = (7J) t . So (7 : 7) C ( J : J) C ((7J) t : (7J) t ) = (7 : 7), whence 
(J : J) = T. Moreover, (T : J) — ((I : 7) : J) = (7 : I J) = (7 : (7J) t ) = (7 : 
7) = T. It follows that (J : J 2 ) = ((J : J) : J) = {T : J) = T . Consequently, 
J = (J 2 (J : J 2 ))t — (J 2 )t and thus J is a fractional t-idempotent t-ideal of R, 
and hence a t-idempotent t-ideal of T by Lemma 12.41 

Now assume that J T. Then we shall prove that J G T(7). By [H Theorem 3.2] 
and Lemma 12.81 T is a Krull-type domain. Then J is contained in a finite number 
of t-maximal ideals of T, say, A 1; . . . , N r . By Lemma 12.61 for each i G {1, . . . , r}, 
JTjVj is an idempotent prime ideal of the valuation domain Tjv 4 . So JTa^ = QiT^ i 
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for some prime ideal Qi C Ni of T; moreover, Qi is minimal over J. Then 

J = n W eMax t (T) JT w = (Di<i<r Qi T Ni) H (Hjv' ^iV'). where ^' ranges over the 
i-maximal ideals of T which do not contain J. The contraction to T of both sides 
yields J = {~\i <i<r Qi- One may assume the Qi's to be distinct. Since JT/v. is 
idempotent, QiT^ i — Q\T^ i . We claim that Ni is the unique i-maximal ideal of T 
containing Qi. Otherwise, if Qi C TVj for some j ^ i, then Qi and are i-prime 
ideals [25, Corollary 2.47] contained in the same i-maximal ideal Nj in the PVMD 
T. So Qi and Qj are comparable under inclusion. By minimality, we get Qi = Qj, 
absurd. It follows that Q z = Qi?V. = = Q\T Ni = flj Q?2ty = (Q? ) t , 

as desired. Finally, for each i 6 {1, . . . r}, T C (T : <&) C (T : J) = ( J : J) = T. 
Then (T : Q,) = (Q l : Qi) = T. By [H Lemma 3.6], Qj is a t-maximal ideal of T, 
completing the proof of the first statement. 

Next, we describe the constituents groups Gj of St{R). We write Gj instead of 
G-j, since we can always choose J to be the unique fractional i-idempotent i-ideal 
(of R) representing J. We shall use [L] to denote the elements of the class group 
C1(T) . Notice that for any two common t-ideals L, V of R and T, we have [L] = [L'\ 
if and only if L = L' if and only if L = xL' for some ^ x E qf(i?) = qf(? 1 ). 

(1) Assume that J = T. Let [L] 6 C1(T), where L is a i-invertible i-ideal 
of T. Then T C (L : L) C ((L(T : L)) tl : (L(T : L)) tl ) = (T : T) = T. Hence 
(L:L) = T=(J: J). We obtain, via LemmafZll (JL(L : L 2 )) t = {JL{T : L)) t = 
(L{T : L)) t = (L(T : L)) H = T = J. Whence L e Gj. Conversely, let L £ Gj 
for some t-ideal X of R. By LemmaEH (L : L) = (J : J) and (JL(L : i 2 )) t = J. 
By Lemma T2 .8[ L is a i-ideal of (L : L) — (J : J) = T. Moreover, via Lemma [2~4l 
(L(T : L)) tl = (L(T : L)) t = {L{L : L 2 )) t = {JL(L : L 2 )) t = J = T. Therefore L 
is a t-invertible i-ideal of T and thus [L] £ C1(T). Consequently, Gj = C1(T). 

(2) Assume J = Pli<i<r Qii wnere the Qi's are distinct i-idempotent i-maximal 
ideals of T. 

Claim 1. (T : J) = {J : J) = T. 

Indeed, for each i, we have (Qi : Qi) = T and hence (T : Qi) = ((Qi : Qi) : 
Qi) = (Qi ■ Qi) = (Qi ■ (Qi)t) = (Q, ■ Qi) - T. Obviously, f)i<i< r Qi is an 
irredundant intersection, so (T : J) is a ring by [TBI Proposition 3.13]. Further 
since {Qi}i<i< r equals the set of minimal primes of J in the PVMD T, then, by 
PH Theorem 4.5], (T : J) — (f|i<i< r T Qi ) n (f] N , T N ,), where N' ranges over the 
i-maximal ideals of T which do not contain J. Hence (T : J) = T, as claimed. 

Claim 2. (j> is well-defined and injective. 

Let [L] e C1(T) for some i-invertible i-ideal L of T, that is, (L(T : L)) t = 
(L(T : L))t x = T. The homomorphism <j> is given by <f>([L]) = (LJ) t . We have 
(J : J) C (LJ : LJ) C ((LJ) f : (LJ) t ). Conversely, let a; £ ((iJ) t : (LJ)t). Then 
x(LJ) t C (LJ) t , hence x(LJ) t (T : L) C (LJ) t (T : L). So a;J = a;JT = x(JT) t = 
x(J(L(T : L)) t ) t = x(JL(T : L)) t C (Ji(T : L)) t = (J(L(T : L)) t ) t = J. 
Therefore x £ (J : J) and hence T = (J : J) = ((LJ) t : (LJ) t ). Moreover, 
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((LJ) t (T : (LJ) t )) t = {JL(T : JL)) t = { JL{(T : J) : L)) t = {JL(T : L)) t = 
(J(L(T : L)) t ) t = JT = J. By Lemma [ 2Jl (L J) t € Gj and thus <j) is well-defined. 

Now, let [A] and [B] in C1(T) with [AJ) t = [BJ) t . So there exists i/Oe 
qf(i?) = qf(T) such that (AJ) t = x(BJ) t . Since A and P are i-invertible i-ideals 
of T, then A and B are w-ideals of T. Further (T : A) = ((T : J) : A) = (T : 
J A) = (T : (AJ) t ) = (T : i(BJ) t ) = x~\T : (BJ) t ) = x^(T : JB) = a: -1 ((T : 
J) : B) = x~ l (T : B). Hence 4 = A Wl = xB Vl = ccP, whence [A] = [B], proving 
that 4> is injective. 

Claim 3. Let Q be a t-idempotent i-maximal ideal of T and L a i-ideal of T such 
that LTq £ Gqtq ■ Then there exists a i-ideal A of T such that LTq = ATq , Q is 
the unique i-maximal ideal of T containing A, and A £ Gq in St(T). 

We may assume LTq 7^ Tq, i.e., L C Q. By [2H Theorem 3.2] and Lemma |2~5I 
T is a Krull-type domain. So let {Q, Q\, Q s } be the set of all i-maximal ideals 
of T containing L. Since {Q A Qi}i<i< s is linearly ordered, we may assume that 
Q A Qi C P := Q A Qi for each i. Necessarily, PTq C QTq. On the other hand, 
Lemma O yields (LTq : LTq) = {QT Q : QT Q ) and LT Q (QT Q : LTq) = QTq; 
notice that in the valuation domain Tq, the t- and trivial operations coincide. 
Therefore there exists x £ (QTq : LTq) such that xLTq <| PTq. As Tq is 
valuation, PTq g X UT Q C QTq. Let A := zLTq n T. Clearly, P C 4 C Q and 
ATq = LTq (since AT Q = xLTq). Now assume there is N E Max t (T) such that 
A C iV and N / Q. Since L C Q l5 then L C P C A C JV. Hence AT = Q* for 
some i £ {1, s}, whence A C Q AQi C P. So A = P and PTq = xLTq, absurd. 
Consequently, Q is the unique ^-maximal ideal of T containing A. Finally, one can 
assume A to be a i-ideal since A C A^ C Q and A^Tq = ATq by [24j Lemma 
3.3]. ' 

Next we show that A £ Gq via Lemma l2~7l Since ATq £ Gqt q , then (ATq : 
ATq) = (QTq : QT Q ) = T Q and AT Q (T Q : AT Q ) = QT Q . Now, [A : A) C T since 
A is an integral ideal of T. Conversely, we readily have (A : A) C (ATq : ATq) = 
T Q and (A : A) C T N for each i-maximal ideal N ^ Q of T. So that (i : 4) C T 
and hence (A : A) = T. Let x 6 (T : A). Then a; £ (Tq : ATq) = (QT Q : ATq) 
since AT q (Tq : AT Q ) = QTq. Therefore xA C xATq C QTq and hence xA C 
QTq n T = Q, i.e., x £ (Q : A). It follows that (T : A) = (Q : A) and thus A(T : 
A) = A(Q : A). Consequently, (A(T : A)) tl C Q. Now, by the first statement of 
the theorem applied to T, there exists a unique £-idempotent i-ideal E of T such 
that A € Ge with either E = S for some fractional i-linked overring S of T or 
E = Pli<i< s Nil where the JVVs are distinct i-idempotent i-maximal ideals of S. If 
E = S, then A £ G s implies that (A : A) = (S : S) = S and (A(S* : A)) tl = S. So 
T = (A : A) = 5 = (A(5 : A)) tl C (A(T : A)) tl C Q, absurd. Hence, necessarily, 
E = f] 1<i<s Ni. It follows that T = (A : A) = (E : E) = S (by the first claim) 
and (A(T : A)) tl — E. Therefore ACBCJVj for each i, hence E — Q, the unique 
i-maximal ideal of T containing A. Thus, A £ Gq, proving the claim. 

Claim 4. -0 is well-defined and surjective. 
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Let L G Gj for some i-ideal L of R. Notice that L is also a t-ideal of (L : 
L) = (J : J) = T. The homomorphism ip is given by ip(L) = (LTQ 4 )i<^< r . We 
prove that "0 is well-defined via a combination of [241 Lemma 3.3], Lemma 12.41 and 
Lemma [2.71 Indeed it suffices to show that [LTq i : LTqJ = (QiTQ i : Q^TqJ = 
T Qt and LT Qz {T Qi : LT Qt ) = Q t T Qt . Let i 6 {l,...,r} and x G (LT Qi : LT Qi ). 
Then xLT Qz C LT Qi and hence xL(T : V)Tq i C i(T : L)Tq 1 . So that JT Qi = 
(L(T : L)) t TQ i = (L(T : L)) tl T Q< - (L(T : L))T Qi . Further JT Qi = QiT Qi . It 
follows that xQiTq i C QiTq^ as desired. On the other hand, we have Q{FQ i = 
JT Qz = (L(T : L))T Qz C LT Qi (T Qi : LT Q% ) C T Qz . The last containment is 
necessarily strict. Otherwise LTq 1 = aTg ; for some / n € I. Therefore L = 
(LJ) t implies aT Qi = LT Qi = (LJ) t T Qi = (LJ) tl T Qi = LJT Qi = aQ{F Qi , absurd. 
Consequently LT Qi (T Qi : LT Qi ) = Q 2 T Qi . So V is well-defined. 

Next we show that i/j is surjective. Let (i»2Q 4 )i<t< r £ EI ^Q%T Q - By the 
above claim, for each i, there exists a t-ideal Aj of T such that L{FQ i = AiTg t , 
At G G , Q i , and Qi is the unique i-maximal ideal of T containing Ai. Set A := 
(AiA 2 ...A r J) tl = (AiA 2 ...A r J) t . Let j G {l,...,r}. By [H Lemma 3.3], 
AT Qj = (AiA 2 . . . A r J) T Qj = A 3 Q 3 T Qj since JT Q] = Q 3 T Q] and A l T Q] = T Qj for 
each i jt j. So AT Q] = A 3 Q 3 T Q] = A 3 T Qj QjT Qj = A 3 Tq 3 = L 3 T Qj . Therefore 
ip(A) = (L z T Qz ) 1 < l < r _ 

Next we show that A G Gj. First notice that Qx, ■ . ■ ,Q r are the only i-maximal 
ideals of T containing A. For, let Q be a ^-maximal ideal of T such that ACQ. 
Then either J C Q or Aj C Q for some i. In both cases, Q = Q 3 for some j, 
as desired. Now A is an ideal of T, then (J : J) = T C (A : A). Conversely, 
for each j, A 3 Q 3 Tq. — ajAjTq., for some nonzero Oj G qf(T), since AfTq. G 
G QjTQj . So (A : A) C (AT Q : AT Qj ) = {A j Q j T Qj : : = K^-T^. : 

a 3 A 3 T Q] ) = (A 3 T Q] : A 3 T Qj ) = T Qj . Further, for each N G Max t (T, A) , we 
clearly have (A : A) C Tjy. It follows that (A : A) C T = (J : J) and hence 
(A : A) = T = (J : J). Next we prove that (A(T : A)) t = J. We have {A, : 
A,) = T and (A t (T : AA) t = (A,(T : Ai)) tl = Q h for each i, since ~A~ G G Qi . 
Let j G {l,...,r} and set F 3 := n^j^i- Clearly A = [JF 3 A 3 ) t . Now, since 
A C Aj, then (A(T : Aj))« C (A(T : A)) t . However (A(T : A,-))t = {{JF 3 A 3 ) t {T : 
A 3 )) t = (JF 3 A 3 (T : A,)) t = (JF,(A,(T : A,)) t ) t = (JFjQj^. Hence (JF.Q,)* C 
(A(T : A)) t . So JQ,Tq 3 = JF 3 Q 3 T Qj = (JF 3 Q 3 ) t T Q] C (A(T : A)) t T Qj since 
= ^Qj ■ Then = Qj T Qj _^_Qj T Qi = JQjTQ : C (A(T : A)) t T Q .. 

Since Max t (T, A) = Max t (T, J) and Max t (T, A) = Max f (T, J) , it follows that 
J C (A(T : A)) t . Conversely, let j G {1, By the proof of the third claim, 

(T : A 3 ) = (Qj : A 3 ). Then (T : A) = (T : (JF,A,) t ) = (T : JF 3 A 3 ) = ((T : 
A,) : .//•; - ((Q j : A 3 ) : .//-.i = (Q, : JF 3 A 3 ) = (Q 3 : (JF 3 A 3 ) t ) = (Q 3 : A). 
Hence (T : A) = flx^^Wi : A ) = ((Dx^rOi) '■ A) = (J : A) Q (T : A). So 
(T : A) = (J : A). Therefore (A(T : A)) t = (A(J : A)) t C J. Consequently, 
J = (A(T : A)) t and thus A G Gj, as desired. 

Claim 5. Iva((f>) — Ker(^). 
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Indeed, let [A] £ C1(T) for some i-invertible i-ideal A of T. Then there exists 
a finitely generated ideal B of T such that A — B Vl — Bt x . Hence -ip((f>([A})) = 
i>((AJ) t ) = ((AJ)tT Qi )i<i< r . For each i, we have (AJ) t T Qi = (AJ) tl T Qi = 
{BJ) tl T Qi = BJT Qi = BQiT Qi = b i Q l T Qi for some nonzero h £ B. Then 
(AJ) t T Qi = QiTQ i in Gq z t Qz ■ It follows that Im{<p) C Ker(r/>). 

Conversely, let L £ Gj such that LTq ; = QiTq t for each i £ {1, . . . r}, that 
is, there exists a; ^ £ qf(T) such that aiQiTQ^ — LTq z C Jq ( . Then aj £ 
(T Qi : QiT Qi ) = {Q,T Qz : Q 2 T Qz ) = {Q l T Qt : Q,T Qi ) = T Qi for each i. Let B := 
Ei<Kr^ 8 ' an< ^ ^ : ~ Bti- Clearly, A is a fractional i-invertible i-ideal of T, i.e., 
[A] £ C1(T). Further, for each i, {AJ) t T Qi = (AJ) tl T Qi = (B J) tl T Qi = BJT Qi = 
BQiT Qt = a k QiT Qt for some a k 0), hence (AJ) t T Q% = LT Qi . Therefore 
= L. Hence Ker(ip) C lm(0), as desired. 

Consequently, the sequence is exact, completing the proof of the theorem. □ 

A domain R is said to be strongly i-discrete if it has no i-idempotent i-prime 
ideals, i.e., for every i-prime ideal P of R, (P 2 )t C P. 

Corollary 2.9. Let R be a Krull-type domain which is strongly t-discrete. Then 
St(R) = Vt C1(T), where T ranges over the set of fractional t-linked overrings of 
R. 

Proof. Recall first the fact that every fractional i-linked overring T of R has the 
form T — (I : I) for some i-ideal / of R such that I is an idempotent of St(R); 
precisely, / := aT, for some ^ a £ (R : T), with (I 2 ) t = (P) tl = a 2 T = al. 
Now, Lemma 12.31 forces each T to be strongly t-discrete and then Theorem 12.11 
leads to the conclusion. □ 
Since in a Priifer domain the ^-operation coincides with the trivial operation, 
we recover Bazzoni's results on Priifer domains of finite character. 

Corollary 2.10 ([5, Theorem 3.1] & [6l Theorem 3.5]). Let R be a Priifer domain 
of finite character. Then J is an idempotent of S(R) if and only if there exists a 
unique nonzero idempotent fractional ideal L such that J — L and L satisfies one 
of the following two conditions: 

(1) L := D where D is a fractional overring of R, or 

(2) L := P\.Pi...P n D , where each Pi is a nonzero idempotent prime ideal of R, 
and D is a fractional overring of R. Moreover, the following sequence is exact 

— > Cl(£>) ► Gl ► G PiRPi — > 0. 

Kt<r 



Proof. The result follows readily from Theorem 12.11 since T is flat over R and 
every prime ideal Q of T is of the form Q = PT for some prime P of R, and Q is 
idempotent if and only if so is P. □ 
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3. Examples 

One can develop numerous illustrative examples via Theorem 12.11 and Corol- 
lary ^. 91 We'll provide two families of such examples by means of polynomial rings 
over valuation domains. For this purpose, we first state the following lemma. 

Lemma 3.1. Let V be a nontrivial valuation domain, X an indeterminate over 
V , and R := V[X]. Then the following statements hold: 

(1) R is a Krull-type domain which is not Priifer. 

(2) Every fractional t-linked overring of R has the form V P [X] for some nonzero 
p G Spec(y). 

(3) Every t-idempotent t-prime ideal of R has the form p[X] for some idempotent 
p G Spec(y). 

Proof. (1) The notion of PVMD is stable under adjunction of indeterminates |19j . 
So R is a PVMD and has finite ^-character by [24], Proposition 4.2], as desired. 
Further, R is not Priifer since nor is any polynomial ring over a nontrivial integral 
domain. 

(2) Let p^06 Spec(F), then Vp[X] is a fractional t-linked overring of R. Indeed, 
let S :— V \ p and let J be a finitely generated ideal of R such that J -1 = R. We 
have (V p [X] : JV p [X}) = (S" 1 ^^]) : S^J) = S^iR : J) = S^R = V P [X}. 
Hence V^[A] is i-linkcd over R. Now suppose p is not maximal. Since V is 
a conducive domain (since valuation), then (V : V p ) — p [12]. Hence (V"[X] : 

= (V : V P )[X] — p[X]. It follows that V^[A] is a fractional overring of 
R. If p is maximal, then lp[A] = V[X] = R is trivially a fractional overring 
of R. Next let T be a fractional t-linked overring of R, ^ a G (R : T), and 
/ := aT. By Lemma 12.41 I is a common i-ideal of both R and T. Set A := 
I H V. If A ^ 0, then A is a i-ideal of V and hence I = A[X}; if A = (0), then 
/ = fB[X] where / ^ G qf(V)[X] and B is a i-ideal of V 28J. If I = A[X], 
then T = (I : I) = (A[X] : A[X]) = (A : A)[X]; and if I = fB[X], then 
T = (I : I) = [fB[X] : fB[X}) = (B[X] : B[X}) = (B : B)[X]. Moreover, (A : A) 
and (B : B) are overrings (and hence localizations) of V. Therefore, in both cases, 
T = V P [X] for some nonzero prime ideal p of V, as desired. 

(3) Let p be an idempotent prime ideal of V. Then ((p[X]) 2 ) t = (p 2 [X]) t = 
(p[Jf])t = p[X], recall here that the i-operation with respect to V is trivial. Next 
let P be a i-idempotent t-prime ideal of R and p :— P H V . Assume that p = (0) 
and set S := V\{0}. Then, by [24| Lemma 2.6], S~ 1 P is an idempotent (nonzero) 
ideal of the PID S^R = qf(V r )[X], absurd. It follows that p ^ (0). Since V is 
integrally closed, then P = p[X] [28]. Moreover p[X] = (p 2 [X]) t = p 2 [X], hence 
p = p 2 , as desired. □ 

Example 3.2. Let n be an integer > 1. Let V be an n-dimensional strongly discrete 
valuation domain and let (0) Cpi d P2 C ... C p n denote the chain of its prime 
ideals. Let R := V[X], a Krull-type domain. A combination of Lemma [3.11 and 
CorollarylHyieldsSHi?) = Vi<i< n C1 (^W)- Moreover Cl^ [X]) = Cl(V Pi ) = 
0, so that St(R) is a disjoint union of n groups all of them are trivial. Precisely, 
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S t (R) = {V Pl [X],V P2 [X], ...,V Pn [X]} where, for each i, V Pi [X] is identified with 
V^LY] (due to the uniqueness stated by Theorem 12. ip . □ 

Example 3.3. Let V be a one-dimensional valuation domain with idempotent maxi- 
mal ideal M and X an indeterminate over V . Let R :— a Krull-type domain. 
By Theorem O and Lemma EU we obtain S t (R) = Cl(R) V G M [x\- Cl(R) = 
C\(V[X}) = Cl(V) = 0. So S t (R) = {R} V {7 | I t-ideal of R with (Il'^t = 
M[X]}. □ 
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